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LTI systems

Ripal Patel

A class of systems used in signals and systems that are
both linear and time-invariant

e Linear systems are systems whose outputs for a linear
combination of inputs are the same as a linear
combination of individual responses to those inputs.

e Time-invariant systems are systems where the output does
not depend on when an input was applied. These
properties make LTI systems easy to represent and
understand graphically.

e Used to predict long-term behavior in a system

e The behavior of an LTI system is completely defined by its
impulse response
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Impulse Function

The discrete version of impulse function is defined by
1, n=0
o(n) = { 0, n#0
The continuous time version of impulse function,

0={ 5 t 70
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Impulse Response

e The impulse response” of a system, h[n], is the output
that it produces in response to an impulse input.
Definition: if and only if x[n] = d[n] then y[n] = h[n]
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Impulse Response
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e The impulse response” of a system, h[n], is the output
that it produces in response to an impulse input.
Definition: if and only if x[n] = d[n] then y[n] = h[n]

e Given the system equation, the impulse response can be
found out just by feeding x[n] = d[n] into the system.
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Impulse Response Example
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e Consider the system

ylo] = 5 (xln] + x[n 1)
e Suppose we insert an impulse:
x[n] = &[n]

e Then whatever we get at the output, by Definition, is the
impulse response. In this case it is

0.5, n=0,1
0, otherwise

bl = 500+ o1~ 1) = {




19EC34

Convolution Sum

Input x[n] Qutput y[n]

LTI system

] sl = x[n]* h[n] = h[n]* x[n]

where, h[n]=impulse response of LTI system
x[n]=Input Signal
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Input x[n] Qutput y[n]

LTI system
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o0

ylnl= Y x[Klh[n— K]

k=—o00
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Convolution Sum
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Input x[n] Qutput y[n]

LTI system
] sl = x[n]* h[n] = h[n]* x[n]

where, h[n]=impulse response of LTI system
x[n]=Input Signal

o0

ylnl= Y x[Klh[n— K]

k=—o00

e input-excitation output-response
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Convolution Sum Example

Find the response y[n] of following LTI system.

x(m)=[0,1,2,3,1,0] and h(n)=[0,1,§,z,0]
{
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Convolution Sum (Graphical method)
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Convolution Sum (Graphical method)
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Convolution Sum (Graphical method)
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Convolution Sum (Graphical method)

hik) xik) 5
= w2 ; EW 5
PR, i i 1L,
82401238 Kk 21 012 3 4 k
(23
n=0 h(w x(k)h(kw
240 2o T=4
I I L ! ¥
G210 12 3 k 2 -1 01 2 a3 W
n=1 NiK hit-k |,
2,2 5 3 T9
i C
T 210123 k 2 M0 123 K
(3b)
n=2 hig-k (kb (2-k) RE
252 4 T-11
— T T t . — ¢! . ¥
250123 k Yo 2z P

y(n) = [...0, 1,£T1,9, 11,8,2,0,..]]
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Convolution Sum

)=
1=

Analytical method)

e Size of x(n)=A=4, Size of h(n
Length of y(n)=A+B-1=4+23-




19EC34

Convolution Sum (Analytical method)

e Size of x(n)=A=4, Size of h(n)=B=3
Length of y(n)=A+B-1=4+3-1=6

e x(n) is starting from 0 index n;=0
h(n) is starting from -1 index np=-1
ni + np = —1, range of n=-1to 4
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Convolution Sum (Analytical method)
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e Size of x(n)=A=4, Size of h(n)=B=3
Length of y(n)=A+B-1=4+3-1=6

e x(n) is starting from 0 index n;=0
h(n) is starting from -1 index ny=-1
ni + np = —1, range of n=-1to 4

e For n=-1
3

y[=11 = x[kIh[-1— K] =
k=0
x[0]A[~1] + x[1]A[—2] = (1x1) + (2x0) = 1




19EC34

Convolution Sum (Analytical method)

Ripal Patel

e Size of x(n)=A=4, Size of h(n)=B=3
Length of y(n)=A+B-1=4+3-1=6

e x(n) is starting from 0 index n;=0
h(n) is starting from -1 index ny=-1
ni + np = —1, range of n=-1to 4

e For n=-1 s
y[=11 = x[Kh[-1— K] =
k=0
x[0]h[—1] + x[1]h[—2] = (1x1) + (2x0) = 1
e For n=0 s
y[0] = x[k]h[0 — k] =
k=0

x[0]h[0]4+x[1]A[—1]+x[2]h[—2] = (1x2)+(2x1)+(3x0) = 4
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Convolution Sum (Analytical method)

Size of x(n)=A=4, Size of h(n)=B=3
Length of y(n)=A+B-1=4+3-1=6
x(n) is starting from 0 index n;=0
h(n) is starting from -1 index ny=-1

ni + np = —1, range of n=-1to 4
For n=-1
3
y[=11 = x[Kh[-1— K] =
k=0

x[0]A[~1] + x[1]A[—2] = (1x1) + (2x0) = 1

For n=0
3

ylol = 3" x[k]A0 — K] =
k=0
x[0]h[0]4+x[1]A[—1]+x[2]h[—2] = (1x2)+(2x1)+(3x0) = 4
Likewise for all the values of n
y(n) = [...0, 1,£T1,9, 11,8,2,0,...]
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Convolution Sum (Analytical method)

xi(n) = [%,2,3]
X2(n) = [%7 1a4]

[e.9]

vl = 3" xalkleln ]

k=—00

e Size of x1(n)=A=3, Size of xo(n)=B=3
Length of y(n)=A+B-1=3+43-1=5
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Convolution Sum (Analytical method)

xi(n) = [%,2,3]
X2(n) = [%7 1a4]

[e.9]

vl = 3" xalkleln ]

k=—00

e Size of x1(n)=A=3, Size of xo(n)=B=3
Length of y(n)=A+B-1=3+43-1=5

e x1(n) is starting from 0 index n;=0
x2(n) is starting from 0 index n,=0
ny + np =0, range of n=0 to 4
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Convolution Sum (Analytical method)

e For n=0

2
yl0 =) xlkbel-K =
k=0

x[0]x2[0] + x1[1]x2[—1] + x1[2]x2[—2]
= (1x2) + (2x0) + (3x0) = 2
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Convolution Sum (Analytical method)

e For n=0

2
yl0 =) xlkbel-K =
k=0

x[0]x2[0] + x1[1]x2[—1] + x1[2]x2[—2]
= (1x2) + (2x0) + (3x0) =2
o Likewise for all the values of n y(n) = [%,5, 12,11,12]
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Convolution Sum

Convolute the given sequences
x1[n] = a"u[n] and xz[n] = B"u[n]

o yln] = xi[n] * xo[n]
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Convolute the given sequences
x1[n] = a"u[n] and xz[n] = B"u[n]
o y[nl = xi[n] * xa[n]
o =) pe oo xilk]xe[n — K]

Convolution Sum
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Convolute the given sequences
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Convolute the given sequences
x1[n] = a"u[n] and xz[n] = B"u[n]

o y[n] = x[n] * x2[n]
=D ke—oo Xt [k]x2[n — K]
= D he oo @ ulK] B uln — K]
= D he oo @ ulK]B" B uln — K]
= B" 3R oo X ulk]B uln — K]

Convolution Sum
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Convolute the given sequences
x1[n] = a"u[n] and xz[n] = B"u[n]

o y[n] = x[n] * x[n]

o =20 o xalkle[n—K]
=20 o XulK]B"Fuln — K]
=20 o XulK]B" B uln — K]
= 8" 30 o X ulK]B<u[n — K]
= B" Y0 o (9) ulk]uln — K]

Convolution Sum
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Convolution Sum
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o ulklun—k]=1,0<k<nn>0
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Convolution Sum

Convolute the given sequences
x1[n] = a"u[n] and xz[n] = " u[n]

o =8"3 k0 (%)k
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Convolution Sum

Convolute the given sequences
xi[n] = a"u[n] and xz[n] = " u[n]
o =8"3 k0 (%)k
[ ]

( )n+1 1
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Convolution Sum

Convolute the given sequences
xi[n] = a"u[n] and xz[n] = " u[n]
o =8"3 k0 (%)k
[ ]

( )n+1 1

=" [()—1]
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Convolution Sum

The system is characterized by an impulse response

bl = ()"l

Find the step response of the system. Also evaluate the output
of the system at n =45

e y[n] = x[n] * h[n] = h[n] % x[n]
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bl = ()"l
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© =3 koo hlkIx[n — K]
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The system is characterized by an impulse response

bl = ()"l

Find the step response of the system. Also evaluate the output
of the system at n =45

e y[n] = x[n] * h[n] = h[n] % x[n]
o =300 hlk]x[n— K]
o =2 oo(3) ulkluln — K]
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Convolution Sum
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The system is characterized by an impulse response

bl = ()"l

Find the step response of the system. Also evaluate the output
of the system at n =45

y[nl = x[n] = h[n] = h[n] * x[n]

= D koo hlK]x[n — K]

= 2k oo (3) ulkluln — K]

=i ()"
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Convolution Sum
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The system is characterized by an impulse response

bl = ()"l

Find the step response of the system. Also evaluate the output
of the system at n =45

yln] = x[n] * h[n] = h[n] * x[]
=% o hlkIx[n — K]
=2 ()kulK]uln — K]
=0 (d)

(%)3"“171
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Convolution Integral

¢ Convolution Integral between two continuous signals x(t)
and h(t)




19EC34

Convolution Integral

¢ Convolution Integral between two continuous signals x(t)
and h(t)

V(6 = x(t) < h(e) = [ x(r)h(e = )dr
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Convolution Integral (Graphical Methods)

Suppose the input x(t) and impulse response h(t) of a LTI
system are given by

x(t) =2u(t — 1) — 2u(t — 3)
h(t)=u(t+1)—2u(t—1)+ u(t—3)
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Convolution Integral
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Convolution Integral

Convolution :
x(7)
2

ution Integral
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Convolution Integral (Analytical Methods)
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Convolution Integral (Analytical Methods)

x(t) = e 2tu(t)

h(t) = u(t +2)

o y(t) = x(t) * h(t) = ffooo x(T)h(t — 7)dT
o ffooo e 2 u(r)u(t — 7 +2)dr
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Convolution Integral (Analytical Methods)

x(t) = e ?tu(t)

h(t) = u(t +2)

o y(t) = x(t) x h(t) = [Z x(T)h(t — T)dT
o [T e Tu(r)u(t — T +2)dT
e Case 1: t+2 < 0, do not overlap hence zero.
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Convolution Integral (Analytical Methods)

x(t) = e ?tu(t)

h(t) = u(t +2)

y(t) = x(t) = h(t) = ffooo x(T)h(t — 7)dT
2 e u(r)u(t — 7+ 2)dT

oo

Case 1: t 4+ 2 < 0, do not overlap hence zero.

t+2
Case 2 = 0+ e 2"x1dr
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Convolution Integral (Analytical Methods)

x(t) = e ?tu(t)

h(t) = u(t +2)

y(t) = x(t) = h(t) = ffooo x(T)h(t — 7)dT
2 e u(r)u(t — 7+ 2)dT

oo

Case 1: t 4+ 2 < 0, do not overlap hence zero.
Case 2 = Ot+2 e ?"x1dr

e t+2 1 1 ,-2(t42
=[5 167 =5 — 372
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Convolution Integral (Analytical Methods)
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Convolution Integral (Analytical Methods)

e x(t)=1,t=1,2,3
1 for 1<t<3
—1 for -1<t<1
0 otherwise
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Convolution Integral (Analytical Methods)

e x(t)=1,t=1,2,3
1 for 1<t<3
—1 for -1<t<1
0 otherwise

o y(t) = x(t) * h(t) = ffooo x(T)h(t — 7)dT
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Convolution Integral

Convolution Integral
(Finite signals)
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Convolution Integral
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y>2.

[ 2
Convolution Integral
(Finite signals)
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Step Response

Characterizes the response to sudden changes in input.
s[n] = h[n] * u[n]

oo

- Z hikJu[n — k]
k=—oo

u[n-k] exist from —wo ton

n

Step Response s[n] — Z h [k]

k=—co

h{k] is the running sum of impulse response.
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Step Response for Continuous time system

s(t) = Jt h(t)dr

Relation b/w step response and impulse response.
d
h(t) = —s(t
(6) = =s(0)
h[n] = s[n] — s[n — 1]
Egs. Step response of an RC ckt

Step Response

~C ¥y

il

hl_t]:Le-Em_n x(1) in)
RC




19EC34

Step Response Example

Find the step response for LTI system represented by impulse

response h[n] = (%)“u.[n].

Ans:
s[n] = Z h[k]
k=—oo
=1
Step Response s[n] — (_)k
2.
3 1_(%)n+1

=—2—n=0
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Step Response Example

h(t) = tu(t)
Ans:

s(t) = J n(1)de

—Co

s(t) = "trdr

Y0

Step Response

tz
:_;LED
2 L




1EC Differential and Difference equation representation
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Linear constant coefficient differential equation:
v k M k

d d
2, gy ® = ), b ()
k=0 k=0

Linear constant coefficient difference equation:

N
Zakyn— zbkxn—k]
aDr:f:IreI;)ei?filraelnce k=0
repreen Order of the equation is (N,M), representing the number of

representation

of LTI systems energy storage devices in the system.
Often N>M and the orderis described using only ‘N’.



1OECE Differential and Difference equation representation
of LTI systems

Second order difference equation:
nl+ yin- 11+ 3= 21 e+ 2401

Difference equation are easily arranged to obtain recursive
formulas for computing the current o/p of the system.

N M
Z agy[n — k] = Z bex[n — k]
Differential k=0 k=0
and Difference 1 U 1 a
equation y[n] = —Z brx[n — k| 7—2 apy[n — k] (1)
representation ) ) Qg ~
aff Ll sy (1) Shows how to obtain y[n] from present and past values of

the input.
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Differential
and Difference
equation
representation
of LTI systems

Recursive evaluation of difference equation

Find the first two o/p values y[0] and y[1] for the system
described by y[n] = x[n] + 2x[n —= 1] —y[n — 1] — iy[n -2]

Assuming that the input is x[n] = (%)"u[n] and the initial
conditions are y[-1]=1 and y[-2]=-2.
IO = 01+ 2X-1-y1-1- $31-2] 411 = o+ 240015001~ Jy1-1

1 1
=14270-1-=x(-2)=
y[0]=142-0 TX(-2)=z
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Differential
and Difference
equation
representation
of LTI systems

Solving Differential and Difference equations

Output of LTI system described by differential or difference
equation has two components

y™- homogeneous solution
yP- particular solution
Complete solution
y=y"+y?
Eg.

A system is described y the difference equation
y[n]-1143p[n—1]+ 041283 [n— 2] = 0.0675x[n ]+ 0. 1349x[n — 1]+ 0.6 78x[n - 2]

y-11=1and y-2]=2,



R Homogeneous Solution for CT system

. k=0 k=0
Set all terms involving input to zero

N k

d
D, oy =0
Solution k=0

N
Differential
and Difl’irence yh(t) = Z Cie?‘it
equation

i=1

representation

of LTI systems r;are the N roots of the characteristic equation
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Differential
and Difference
equation
representation
of LTI systems

Homogeneous Solution for DT system

N M
Z apyn — k] = Z bx[n — k]
k=0 k=0
Set all terms involving input to zero
N
Z ay[n—k] =0
k=0
Solution N
y [” = chrln

1; are the N roots of the characteristic equation.
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Differential
and Difference
equation
representation
of LTI systems

Homogeneous Solution Example

RC ckt depicted in figure is described by the differential equation

y(t) + RC %y(t) = x(t) . Determine the homogenous solution.

:

x(1) ~C yl1)

The homogenous equation is Characteristic equation
d 1+RCry)=10
¥(t) + RC=-y(t) = 0 (1) ( 1)1
Solution . nT"re
N - Homogenous solution of the system
yre) = Zcie ! is

i=1 1,
yh(t) = cie”RC

(@) = et
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Homogeneous Solution Example

Determine the homogenous yB(t) = ce™t + cyem2t

solution. To find ryand 7, solve CE.

Ly(©) +5Ly(0) +6(0) = Pt () = 1

2x(t) +%x(t) (1) becomes

Ans: 2 +5r+6=0
r=-3-2

Homaogenaous equation

- ) yh(t) = ce 3 + e
YO +5 () +6y(t) =0 (1)

Differential .

and Difference Homogenous solution
equation

representation N

of LTI systems yh(t) — E Ci(:‘rit

i=1
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Homogeneous Solution Example

yn] —%y[n -1] —%y[n =2l =x[n-1] r’——r——=0

Ans; r=-s.-
i 1 1

Set |an;t tozero . yi[n] = Cl(E)n n Cz(—z)n

ylnl = zvln—1]—gvln =21 =0 (1)

N=2

Differential h — n - T
n| = Cy1r +C57
and Difference y [ ] 11 2z

equation (1) Becomes
representation 1

1
1——r*——r2=0
4 8

of LTI systems
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Differential
and Difference
equation
representation
of LTI systems

The Particular Solution

Solution of difference or differential equation for a given input.
Assumption : output is of same general form as the input.

Input Particular solution
1 c
t ot + ¢z
e—dt Ce—ﬂf

cos(wt + ©) ¢y cos(wt) + ¢ sin(wt)

DT System

Input Particular solution
1 c
n cn+cy
a™ ca™

cos(On+ @) ¢, cos(Qn) + c; sin(n)
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The End

Differential
and Difference
equation
representation
of LTI systems
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