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Introduction to Frequency Response Analysis

Ripal Patel

Introduction

e We have already discussed time response analysis of the
control systems and the time domain specifications of the
second order control systems.

e In this unit, let us discuss the frequency response analysis
of the control systems and the frequency domain
specifications of the second order control systems.
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What is Frequency Response?

Ripal Patel

Introduction

e The response of a system can be partitioned into both the
transient response and the steady state response. We can
find the transient response by using Fourier integrals. The
steady state response of a system for an input sinusoidal
signal is known as the frequency response. In this chapter,
we will focus only on the steady state response.

e |If a sinusoidal signal is applied as an input to a Linear
Time-Invariant (LTI) system, then it produces the steady
state output, which is also a sinusoidal signal. The input
and output sinusoidal signals have the same frequency, but
different amplitudes and phase angles.
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What is Frequency Response?

Introduction
Let the input signal be -

7(t) = Asin(wot)

The open loop transfer function will be -

C(s) = G(jw)
We can represent G(jw) Iin terms of magnitude and phase as shown below.
G(jw) = |G(jw)| LG (jw)
Substitute, w = wg In the above equation

G(jwo) = |G (jwo) |£G (jwn)
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What is Frequency Response?

Introduction
The output signal is
c(t) = A|G(jwo)|sin(wot + ZG(jwp))

= The amplitude of the output sinuscidal signal is obtained by multiplying the

amplitude of the input sinusoidal signal and the magnitude of G(jw) at
w=wp .

= The phase of the output sinusoidal signal is obtained by adding the phase of the

input sinusoidal signal and the phase of G(jw) at w=wy

Where,
= A s the amplitude of the input sinusocidal signal.

= wy is angular frequency of the input sinusoidal signal

\We can write, angular frequency wp as shown below

wo = 27fo
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Frequency
domain
specifications

Magnitude and Phase T(j

Consider the transfer function of the second order closed loop control sysiem as,

_Cs) W

T(s) — e
(%) R(s) 824 20w,s + wk

Substitute, § = jw in the above equation

w2
T(jw) = n
) = G T30 o) T 2
2
Wy Wn
= T(jw) = — = -
—w? 4 2w, Fwh 2 (17§+ 2.75'»)
n [‘g‘ in
1
= T(jw) =



19€ces Magnitude and Phase T (jw)

Frequency
domain Let, i = u Substitute this value in the above equation.
specifications

o 1
0 = =) + gow)
Magnitude of T(jw) is-
M = [T ()] = e
I T e

Phase of T(jw) is-

£T(jw) = —tan™! (12_&;2)
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Resonant Frequency

Frequency
domain
specifications

It 1s the frequency at which the magnitude of the frequency response has peak value for the

first time. It is denoted by w, . At w = w, , the first derivate of the magnitude of

T(jw) is zero.

= W = wp/1 — 9§72




18EC45 Resonant Peak

Frequency
domain
specifications

Itis the peak (maximum) value of the magnitude of T'(jw) . Itis denoted by M, .

1

=M=
28yT— 02

Resonant peak in frequency response corresponds to the peak overshoot in the time domain

transient response for certain values of damping ratio & . So, the resonant peak and peak

overshoot are correlated to each other.




19ECES Bandwidth

Frequency
domain
specifications

Itis the range of frequencies over which, the magnitude of T'(jw) drops to 70.7% from its

zero frequency value.

= wb:w"\/17262+1/(27462+454)

Bandwidth wyp In the frequency response is inversely proportional to the rise ime £, In

the time domain transient response
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The Bode plot or the Bode diagram consists of two plots —

Bode Plots

= Magnitude plot
= Phase plot

In both the plots, x-axis represents angular frequency (logarithmic scale). Whereas, yaxis
represents the magnitude (linear scale) of open loop transfer function in the magnitude plot
and the phase angle (linear scale) of the open loop transfer function in the phase plot.

The magnitude of the open loop transfer function in dB Is -

M =20 log |G(jw)H (jw)|

The phase angle of the open loop transfer function in degrees is -

¢ = LG(jw)H(jw)




198 General procedure for constructing the Bode
plots(Basic factors)

Type of G(jw)H(jw) Slope(dB/dec) Magnitude (dB) Phase
term angle(degrees)
General
procedure for
constructing Constant K 0 20log K 0
the Bode
plots(Basic
factors)
Zero at jw 20 20 logw 90
origin
' zeros ()" 20n 20 nlogw 90n
at origin
Po!e at 1 —20 —20logw —90 0r 270
origin Jw
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General
procedure for
constructing
the Bode
plots(Basic
factors)

General procedure for constructing the Bode

Type of
term

‘n’ poles
at origin

Simple
zero

Simple
pole

G(jw)H(jw)

1+ jwr

T+jwr

Slope(dB/dec)

—20n

20

—20

plots(Basic factors)

Magnitude (dB)

—20nlogw

Ofarrwz:%

20 logwr forw
> 7
Ofarwz(%

—20 logwr forw
>

Phase
angle(degrees)

—90n or
270n

0 1
forw < £

90 forw

>1
-

1
0 forw =< -

—90 or 270
forw>1
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General procedure for constructing the Bode
plots(Basic factors)

General Consider the open loop transfer function G(s)H(s) = K .
procedure for

constructing

the Bode Magnitude M =20 log K dB

plots(Basic

factors)

Phase angle ¢ =0 degrees

If K =1 ,then magnitude is 0 dB

If K > 1 | then magnitude will be positive

If K < 1 ,then magnitude will be negative



198 General procedure for constructing the Bode
plots(Basic factors)

General
procedure for
constructing
the Bode
plots(Basic
factors)

o (degrees)

0<K<ow

log w
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General procedure for constructing the Bode
plots(Basic factors)

The magnitude plot is a horizontal line, which is independent of frequency. The 0 dB line

el itself is the magnitude plot when the value of K is one For the positive values of K, the

procedure for

C'?nsérudcting horizontal line will shift 20 logK dB above the 0 dB line. For the negative values of K,
the Bode

plots(Basic
factors) the horizontal line will shift 20 log K dB below the 0 dB line. The Zero degrees line itself

is the phase plot for all the positive values of K

Consider the open loop transfer function G(s)H(s) = s .
Magnitude M = 20logw dB

Phase angle ¢ = 90°



198 General procedure for constructing the Bode
plots(Basic factors)

At w=1 rad/sec, the magnitude is 0 dB.

General
procedure for At w =10 rad/sec, the magnitude is 20 dB.
constructing

the Bode
plots(Basic The following figure shows the corresponding Bode plot

factors)

M (dB)

r Y

20 + /
o yl 10 log @
—20 4
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General
procedure for
constructing
the Bode
plots(Basic
factors)

General procedure for constructing the Bode
plots(Basic factors)

¢ (degrees)
F 3

20

»
>

1]
log w

The magnitude plot is a line, which is having a slope of 20 dB/dec. This line started at

w = 0.1 rad/sec having a magnitude of -20 dB and it continues on the same slope. It is

touching 0dB lineat w =1 rad/sec. In this case, the phase plot is 90° line.
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General
procedure for
constructing
the Bode
plots(Basic
factors)

Rules for Construction of Bode Plots

1) Determine the Transfer Function of the system:

K(s+1z))

H(s) =
) s(s+p)

2) Rewrite it by factoring both the numerator and denominator into the standard form

K.1</ +1)
spl(/ +1)

where the zs are called zeros and the p s are called poles.
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3) Replace s with j?2 . Then find the Magnitude of the Transfer Function.

General .
procedure for Kz (J% +D
constructing H(jw) = =

e AT
plots! asic
factors)

If we take the logo of this magnitude and multiply it by 20 it takes on the form of

K:l(j% 1

20 logo (H(jw)) = 20log,o| ——————|=

jwpl(]%l +1)
Jw, Jw,
( /l +1) ( /l 1)

Each of these mdividual terms is very easy to show on a logarithmic plot. The entire Bode log magnitude pl
the result of the superposition of all the straight line terms. This means with a little practice, we can quickly
the effect of each term and quickly find the overall effect. To do this we have to understand the effect of the
different types of terms.

—20log,,

|P1| - 201°g10|j“’1720103m

20log, g| K|+ 20log  |-,| + 201og
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Rules for Construction of Bode Plots

Each of these mndividual terms is very easy to show on a logarithmic plot. The entire Bode log magnitude pl

General o " . - . . . ) -
procedure for the result of the superposition of all the straight line terms. This means with a little practice, we can quickly
constructing the effect of each term and quickly find the overall effect. To do this we have to understand the effect of the
the Bode different types of terms.
plots(Basic
factors) These include: 1) Constant terms K
2) Poles and Zeros at the origin 177
. i © j o
3) Poles and Zeros not at the origin 1+ L% or |1+ L2
Py <1

4) Complex Poles and Zeros (addressed later)




18EC4S5 Effect of Constant Terms

General
procedure for
constructing
the Sode. 20 logso(H)
Pt 20 fomol®)

Effect of Constant Terms:
Constant terms such as K contribute a straight horizontal line of magnitude 20 logo(K)

H=K
\ \ | | P

t t t 7 (logscale)




195CH5 Effect of Individual Zeros and Poles at the Origin

General

procedure for Effect of Individual Zeros and Poles at the origin:

constructing A zero at the origin occurs when there is an s or j? multiplying the numerator. Each occurrence of this
the Bode causes a positively sloped line passing through ? = 1 with a rise of 20 db over a decade.

plots(Basic
factors) 20 log(H) /
20 db
/‘ H=|jo |
} } >

10 T 100 7 (log scale)

0.1
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General
procedure for
constructing
the Bode
plots(Basic
factors)

A Pole at the Origin

A pole at the origin occurs when there are s or j? multiplying the denominator. Each occurrence of this
causes a negatively sloped line passing through ? = 1 with a drop of 20 db over a decade.

20 log(H)

) | | Pl

T (log scale) H= —
0.1 '\\‘10 100 I
-20 db
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Effect of Individual Zeros and Poles Not at the
Origin

S:;nceer;:"e for Effect of Individual Zeros and Poles Not at the&i in

TS Zeros au_d Poles not at the origil_l are indicated by the (1+j? /z;) and (1452 /p;). The values o
the Bode ziand p; in each of these expression is called a critical frequency (or break frequency). Below their critical
plots(Basic frequency these terms do not coutribute_ to the log magnitude of the ovel_‘all plot. _Above the critical

factors) frequency, they represent a ramp function of 20 db per decade. Zeros give a positive slope. Poles produce a
negative slope.

20 log(H)

dec. ’ .
jo
1+ L2
+20 db _
z H= .
P ! ) | SO
0.1 1 10 100 (logyq scale) _p,
dec.

-20db
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Example 1

For the transfer function given, sketch the Bode log magnitude diagram which shows howthe log
magnitude of the system is affected by changing input frequency. (TF=transfer funetion)

_ 1
25 +100

Example 1
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Example
Step 1: Repose the equation in Bode plot form:
(i)
TF = S& recognized as IF = %
—+1 —s+1
50 Py

Example 1

with K =0.01 and p1=50

1 Solution

For the constant, K: 20 log0(0.01) = -40

For the pole, with critical frequency, p1: ~—~——
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Example 1 Solution

Ripal Patel

20 10g1 0 (ﬂ/ﬂ:)

0db I ? (log scale

-40 db =

50
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Example

Your turn. Find the Bode log magnitude plot for the transfer function,

_ 5x10*s
57+ 5055 +2500

Start by simplifying the transfer function form:
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Example 2 Solution

B 5x10%s
52+ 5055 +2500
Simplify transfer function form:
5x10*
4 B
5x100 s 3%300 _ 20 s

TGANEAS00) (B S B
(5 + 1)(500 +1) (5 + 1)(500 +1)
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Example 2 Solution

Recognize: K=20 > 201logl0(20)=26.02

1 zero at the origin

2 poles: at p1=5 and po=500

Example 2

Technique to get started:

1) Draw the line of each individual term on the graph

2) Follow the combined pole-zero at the origin line back to the left side of the graph.

3) Add the constant offset, 20 log;o(X), to the value where the pole/zero at the origin line intersects the
side of the graph.

4) Apply the effect of the poles/zeros not at the origin. working from left (low values) to right (higher
values) of the poles/zeros.
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Example 2 Solution

Ripal Patel

80 db
2010g10(TF) ] N

40 db = e AN

...... e LT oot oy

/” et i

0.db AT 1 ? (log scale)

-40 db
-80 db

10° 10! 10% 10°
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Example 3

Example 3: One more time. This one is harder. Find the Bode log magnitude plot for the transfer function,
~200(s + 20)
s(2s+1)(s +40)

Example 3
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Example 3 Solution

b X
TF — 200(s + 20)
s(2s +1)(s +40)

Simplify transfer function form:
200%20 K s
—+1 100 (—+1
o200 +20) 40 ST ST
s(2s+ 1)(s +40)

s s B By s
S(E + 1)(E+ 1) S(E + 1)(5 +1)
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Recognize: K=100 = 20 1logl0(100) =40

1 pole at the origin

1 zero at -y = 20

2 poles: at p1 =05 and p,=40




Example 3 Solution

18EC45

Ripal Patel

soa ||
- 20 db/dec
Ty
40 db o
41— 40 db/dec
Il \\~ ]
A \
0db g ST ? (log scale)
L IING bR e .
N ]
-40 db HNG =
<441 i b/dec
Nl 20log1o(TF)
-80 db N
N
10! 10 10°

10°
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Effect of Constants on Phase:
A positive constant, K>0, has no effect on phase. A negative constant, K<0, will set up a phase shift of
+180°. (Remember real vs imaginary plots — a negative real number is at =180° relative to the origin)

Effect of Zeros at the origin on Phase Angle:
Zeros at the origin, s, cause a constant +90 degree shift for each zero.

Example 3

ZIF +90 deg

? (log)
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Effect of Poles at the origin on Phase Angle:

Poles at the origin, s ', cause a constant -90 degree shift for each pole.

£ZTF ?

-90 deg
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Effect of Zeros not at the origin on Phase Angle:

Zeros not at the origin, like |l + o]

, have no phase shift for frequencies much lower than =;, have a +
=1

45 deg shift at =7, and have a +90 deg shift for frequencies much higher than =;.
+90 deg
JH +45 deg

Example 3

0.1Z1

. l
"5, 10z 100z,

To draw the lines for this type of term, the transition from 0° to +90° is drawn over 2 decades, starting at
0.1z1 and ending at 10z,




18EC45 Phase Bode Plot

Poles not at the origin, like , have no phase shift for frequencies much lower than ;
@

1 + J_
Py

45 deg shift at py. and have a -90 deg shift for frequencies much higherthan p;.

ZTF

' : : ! ?
— Otp_ Ipy T

-90 deg

To draw the lines for this type of term, the transition from 0° to -90° is drawn over 2 decades, starf
0.1p; and ending at 10p;.
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Poles not at the origin, like , have no phase shift for frequencies much lower than ;
@

1 + J_
Py

45 deg shift at py. and have a -90 deg shift for frequencies much higherthan p;.

ZTF

' : : ! ?
— Otp_ Ipy T

-90 deg

To draw the lines for this type of term, the transition from 0° to -90° is drawn over 2 decades, starf
0.1p; and ending at 10p;.
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Example 1

Example 1:
For the Transfer Function given, sketch the Bode diagram which shows how the phase of the system is
affected by changing input frequency.

__ 1 (1100
25 +100 s

—+1

&Y

Example 3
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20 log|TF|

-40db

+90

0.5

v

50

Solution Example 1

500 rad/s
T
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Example 2

Repeat for the transfer function,

5x10%s 20 s

20log/TF TF = — =
5?4+ 5055 + 2500

5 5
(;+ 1)(% +1)
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Solution Example 2

Ripal Patel

80 db
40 db
...... efeafe ‘,.-/’ B RARE DU LS 000 A B o~
20 logio(MF) /f' S ™
0db pase ysiing ? (log scale)
Example 3
-40 db
-80 db

10° 10! 10° 10
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Solution Example 2

Ripa

180°

90° - 3

Phase Angle T

0° -spassrapesrten: il ? (log seale)

Example 3 In
o "“‘h
-90

-180°

10° 10! 10° 10°
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Solution Example 2

Ripa

180°

90° - 3

Phase Angle T

0° -spassrapesrten: il ? (log seale)

Example 3 In
o "“‘h
-90

-180°

10° 10! 10° 10°
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Ripal Patel

Assessments
of relative
stability using
Bode plots

Gain Margin

e The greater the Gain Margin (GM), the greater the
stability of the system. The gain margin refers to the
amount of gain, which can be increased or decreased
without making the system unstable. It is usually
expressed as a magnitude in dB.

e The frequency where the Bode phase plot = 180. This
point is known as the phase crossover frequency.

e The Gain margin is the difference between the magnitude
curve and 0dB at the point corresponding to the frequency
that gives us a phase of -180 deg (the phase cross over
frequency, Wpc).
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Assessments
of relative
stability using
Bode plots

Gain Margin

0dB

M (dB)
Gain
plot
Y Ir.:g i
1[G
')
Phase
plot
Phase (degrees)
|
e]'-M |
|
g, 05,
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Gain Margin

Ripal Patel

The Phase Crossover Frequency, wy, is the frequency (frequencies) at which
ZG(wwp,) = 180°.

M (dB)

Definition 5. Gain
plot
The Gain Margin, G, is the gain 0aB —logw
relative to 0dB when /G = 180°. }rm
o Gy = —20log |G(uwp)| h

Assessments
of relative o H ; H H ase (doamed
ctabilty using Gar |s.t.he gain (in dB). which will Phase (degrees)
Bode plots destabilize the system in closed loop.
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Ripal Patel

Assessments
of relative
stability using
Bode plots

Phase Margin

e The phase margin is defined as the change in open loop
phase shift required to make a closed loop system unstable

e The phase margin is the difference in phase between the
phase curve and -180 deg at the point corresponding to
the frequency that gives us a gain of 0dB (the gain cross
over frequency, Wgc).
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Ripal Patel

Assessments
of relative
stability using
Bode plots

Phase Margin

The Gain Crossover Frequency, wy. is the frequency at which |G(w.)| = 1.

The Phase Margin, @, is the phase relative to 180° when |G| = 1.
o Oy = [180° — LG(iwgc)|
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Ripal Patel

Assessments
of relative
stability using
Bode plots

Bode Plot Stability

e For a Stable System: Both the margins should be positive
or phase margin should be greater than the gain margin.

e For Marginal Stable System: Both the margins should be
zero or phase margin should be equal to the gain margin.

e For Unstable System: If any of them is negative or phase
margin should be less than the gain margin.
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Ripal Patel

Computation
of Gain and
Phase Margins
from Bode
plot

Example

v

? - in analytically for the negative feedback
Findtiwgnnlnwgmmdphﬂstmgm 6!/*'““”!/

control system

ving R WA R T
ing open loop TF, GOHE) =17 s +2)
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Ripal Patel

Computation
of Gain and
Phase Margins
from Bode
plot

Example Solution

i i in analyti yfmﬂwnegaﬁmfwdbn
Firldﬂlegmmrgmmldphnsenmrgm 6yﬂcall

B e
wnbnls;s#mhavingapmlwpﬂ,c(s)ms) % G
‘
6 it 6
ion 1 ol T N : '
e foga: Ui-[(ja))2+zjm+2][jm+2] [(2—m2)+|2m][2+)(n]
o e e |
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Ripal Patel

Example Solution

Mg = o

J2-02)? + 407 {3 +o?

prdge Mr =1

i.e. —\6h_ =1
(2-0%)2 +40® V4 +0?

36 = [(2‘(1)2)2 +4m214 +0°] e of+40? +40* =20
DDA - _
solving, Qg = 1.2528 rad/sec g A w
PM. = 180°+ ZG(jo)H(j) 38) “4\;731 %S
= 180° m-“ " ]—tan'l(%) A "
2 = )+
Computation (2-0%) ©=12528 N
of Gain and
Phase Margins

from Bode
plot
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Ripal Patel

Computation
of Gain and
Phase Margins
from Bode
plot

Example Solution

For @pc, Tationalize G(u)H(joy and equate imaginary part to zero.
GloH(o) M]izi?tﬁ___
[2-e)+ o 2-0) 02+ ja] 2-jo)
6|4 -40? |+6io (@2 -
[ ) ]+ in -9 ie o@-6=0
[(2—0)2)2 +402 ][4+m2]

1]

For o = 0, ZG(j)H(jw) = 0° hence wp,. cannot be zero.

ot =6 ie. u)pc=«/(; rad/sec

1
20 log [m}

03

GM.

6 by
: i R s
St , - . = Jaer2mx/3+6

1 _ 10457 dB
GM. = 20log 53=+

n
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Example

Ripa

The Fig. 11.62 shows a
Bk i o i velide bt

& syskmbemmfnethegabtmsudlﬂmt” :
llleﬂlase margm is 50" What is the

Gain
adjustment in
Bode Plot




18EC45

Example Solution

Ripal Patel

Introduction

:ﬁ B0 CUEIYaN by, : e
K(s+2
G(EHE) = (:2 2ok GGQ)HGQ)=K(Z+ZD)
(\D)
BML S 180 b 2 GlmHGay,
50° =

180°+[+ tan™! 92__1300“
O=n

fanl—— = 50° e %:mwﬂrm

2 x 1.1917 = 2.3835 rad/sec

|K|{8 +ege

F

=1 ie = ?1‘
, - (o)

16258 for PM.=50°

3
3
e
@D
€
=
£
|

A
\

adjustment in
Bode Plot
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Ripal Patel

Oge = 2x11917 = 23;35“,8&
j =1 i \K\m
: G(Jm)H(Jm)l =1 ie.
Jroger| | bl
K = 18258 for PM. = +50°
wpc rauonahse G(jo)H(jo).
K(2+;m) 2K —]E
GOw)H@m) =

l Th“smpg —+.”t0makeinlagiMIYpmm0-

Gain
adjustment in
Bode Plot

GM. = +* dB for the system- :

Example Solution
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Example

Gain
adjustment in
Bode Plot
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Example Solution

Ripal Patel

N - - ; 2 2 e
goaion ;- GONGo) = __ ko
io[Go) Bj0+121) T o (021 Py + 130

o] {| G(](D)H(]m)\ \
To find Spe raionlize G116,

K[ol{(121-6*)-il3)
GG@H('“’) " jajol(21-0?) el - -3

adjustment in
Bode Plot
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Example Solution

Ripal Patel

Introduction

Fl&qunr ‘Control Systems 5 o mz) \
domain 121-0? —j130] /2‘ m
- - —a?)? 1 (6 6907
e = Dla21-0?)2 +16907]  [(121 02)2 +1690°] [ 1
Equating imaginary part to zero,
121-0? =0ie. Opc — /121 = 11 rad / sec
i MK
~ 1573

|Gy H({)| w=0 pe = —(11)2 ]2 ;1-169X121

Now given GM.= + 12 dB,

. 1 :

=D 1573

12 = 20log {(_K )t ie %-los {T}
1573

39810 = %73 e K= 90110" T Heee ,;,forG,M

i VRS .
- R R o

Now find ay, to find phase margin with K = 395419

adjustment in
Bode Plot
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Example Solution

Ripal Patel

: : = 395.119
Now find @y mﬁndphasemnrgmmﬂll( 39

3 R
At o=0g, [G(oH{)| 395119
395119

1% e &
Jalo 163950 in 22
fjof [(121-02) +]130) wxyf121-a?)? +16%7

o? [(121-0%)? +1690% 1

156119.0242

@

By trial and error, a)y=3.35radlsec

: : 7L

0° e e iy
— 180°4) — 2 | —180°- 111.638° = + 68.36°
180" *{mo 21—,6380} G {res Yeon

Gain
adjustment in
Bode Plot




18EC45

Gain [s M E

E1LLS) or
adjustment in Hror.rat
Bode Plot
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