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Introduction

e Root locus analysis is a graphical method for examining
how the roots of a system change with variation of a
certain system parameter, commonly the gain of a
feedback system.

e This is a technique used in the field of control systems
developed by Walter R. Evans.

e The Root Locus technique can be used to give graphical
representation of a systems stability. We can see clearly
the ranges of stability, ranges of instability, and the
conditions that cause a system to break into oscillation.

e The root locus is a graphical representation in s-domain
and it is symmetrical about the real axis.
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Root locus concepts

Root |
c;?ce;tzus The Root locus is the locus of the roots of the characteristic equation by varying system gain

K from zero to infinity

We know that, the characteristic equation of the closed loop control system is

1+ G(s)H(s) =0
We can represent G(s)H(s) as

N(s)
D(s)

G(s)H(s) = K

Where,
= K represents the multiplying factor
= N(s) represents the numerator term having {factored) n' order polynomial of ‘s".

= D(s) represents the denominator term having (factored) m™ order polynomial of 's'.
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Root locus concepts

Substitute, G(s)H(s) value in the characteristic equation.

Root locus
concepts

1+k =0

D(s)

= D(s) + KN(s) =0

Case1-K=0

If K =0 ,then D(s)=0 .

That means, the closed loop poles are equal to open loop poles when K is zero.
Case2-K=w=

Re-write the above characteristic equation as

K(I +N(3])=0;\» 1, Mo _,

K " D(s) K " D(s)
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Root locus concepts

Root locus K=
concepts Case2-K

Re-write the above characteristic equation as

K D)

1 N(s)\ 1  N(s)

Substitute, K = oo in the above equation.

1 N . N N
= "D T D) TN =0

If K =o00 ,then N(s)=0 .Itmeans the closed loop poles are equal to the open loop

zeros when K is infinity.

From above two cases, we can conclude that the root locus branches start at open loop
poles and end at open loop zeros.




18EC45

Root locus
concepts

Angle Condition and Magnitude Condition

The points on the root locus branches satisfy the angle condition. So, the angle condition is
used to know whether the point exist on root locus branch or not. We can find the value of K
for the points on the root locus branches by using magnitude condition. So, we can use the
magnitude condition for the peints, and this satisfies the angle condition.

Characteristic equation of closed loop control system is

L+ G(s)H(s) =0
= G(s)H(s) = —1 +jo

The phase angle of G(s)H(s) is

/G(s)H(s) = tan~! (%) =2n+ 1w
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Root locus
concepts

Angle Condition and Magnitude Condition

The angle condition is the point at which the angle of the open loop transfer function is an
odd multiple of 180%.

Magnitude of G(s)H(s) is-

|G(s)H(s)| = /(-1)2 + 02 =1

The magnitude condition is that the point (which satisfied the angle condition) at which the
magnitude of the open loop transfer function is one.
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Rule 1 - Locate the open loop poles and zeros in the ‘s’ plane

Rule 2 - Find the number of root locus branches.

Rule 1,2,3

We know that the root locus branches start at the open loop poles and end at open loop
zeros. So, the number of root locus branches N is equal to the number of finite open loop
poles P or the number of finite open loop zeros Z whichever is greater

Mathematically, we can write the number of root locus branches N as

N=P if P>Z
N=Z if P<Z
Rule 3: A point on the real axis lies on the root locus if the

sum of number of open loop poles and the open loop zeros, on
the real axis to the right hand side of this point is odd.
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Rules for Construction of Root Locus

Example
Let us now draw the root locus of the control system having open loop transfer function,

Gs)H(9) = sy
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Rules for Construction of Root Locus

Example

Rule 12,3

Let us now draw the root locus of the control system having open loop transfer function,
_ K
G(3)H(s) = Jiq)ems)
Step 1 - The given open loop transfer function has three poles at ¢ =0,8 = —1 and

& = —5 . It doesn't have any zero. Therefore, the number of root locus branches is equal

to the number of poles of the open loop transfer function.

N=P=3
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fdn
g

Rule 12,3

Root Locus Branch Root Locus Branch

A J

Not a Root Locus Branch

The three poles are located are shown in the above figure. The line segment between

8= —1 and s=0 isone branch of root locus on real axis. And the other branch of

the root locus on the real axis is the line segment to the leftof s = —5 .
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Rules for Construction of Root Locus
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Rules for Construction of Root Locus

Rule 4 - Find the centroid and the angle of asymptotes
“If P=Z ,thenall the root locus branches start at finite open loop poles and end
at finite open loop zeros.

“F P>Z . then Z number of root locus branches start at finite open loop

poles and end at finite open loop zeros and P —Z number of root locus
branches start at finite open loop poles and end at infinite open loop zeros.

S f P<Z | then P number of root locus branches start at finite open loop poles

and end at finite open loop zeros and Z — P number of roct locus branches start

at infinite open loop poles and end at finite open loop zeros.
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Rules for Construction of Root Locus

So, some of the root locus branches approach infinity, when P £ Z  Asymptotes give the

direction of these root locus branches. The intersection point of asymptotes on the real axis
is known as centroid

We can calculate the centroid a by using this formula,

_ 3" Real part of finite open loop poles —% Real part of finite open loop zeros

[a}

The formula for the angle of asymptotes 8 is

g 20+ 1)180°
T P-Z

Where,

g=0,1,2,....,(P-2)-1
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Step 2 - We will get the values of the centroid and the angle of asymptotes by using the
given formulae.

Centroid o = —2

The angle of asymptotes are & = 600, 180" and 300°

The centroid and three asymptotes are shown in the following figure
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Rules for Construction of Root Locus
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The centroid and three asymptotes are shown in the following figure.

Y

Centroid=-2

Asymptote with 300%angle ..
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Rules for Construction of Root Locus

Rule 5 - Find the intersection points of root locus branches with an imaginary axis

We can calculate the point at which the root locus branch intersects the imaginary axis and
the value of K at that point by using the Routh array method and special case (ii)

= |f all elements of any row of the Routh array are zero, then the root locus branch
intersects the imaginary axis and vice-versa.

= |dentify the row in such a way that if we make the first element as zero, then the
elements of the entire row are zero. Find the value of K for this combination.

= Substitute this K value in the auxiliary equation. You will get the intersection point of
the root locus branch with an imaginary axis
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Rules for Construction of Root Locus
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Rules for Construction of Root Locus

Step 3 - Since two asymptotes have the angles of 60° and 300° . two root locus

branches intersect the imaginary axis. By using the Routh array method and special casel(ii),

the root locus branches intersects the imaginary axis at j\/g and —jﬁ
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Rule 6 - Find Break-away and Break-in points.

= |f there exists a real axis root locus branch between two open loop poles, then there
will be a break-away point in between these two open loop poles.

= |f there exists a real axis root locus branch between two open loop zeros, then there
will be a break-in point in between these two open loop zeros.

Rule 6

Note - Break-away and break-in points exist only on the real axis root locus branches.

Follow these steps to find break-away and break-in points.

" wite K intermsof s from the characteristic equation 1+ G(s)H(s) =0

“ Differentiate K with respect to s and make it equal to zero. Substitute these

values of & inthe above equation.

“ The values of s forwhichthe K valueis positive are the break points.
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Rules for Construction of Root Locus

s-plane
Break-away
point

Break-in
oint
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Rules for Construction of Root Locus
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There will be one break-away point on the real axis root locus branch between the poles

s=—1 and s =0 .By following the procedure given for the calculation of break-away
point, we will getitas & = —0.473 .

The root locus diagram for the given control system is shown in the following figure

Rule 6 jm

Break away
point=-0.473
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Rules for Construction of Root Locus

Rule 7 - Find the angle of departure and the angle of arrival.

The Angle of departure and the angle of arrival can be calculated at complex conjugate open
loop poles and complex conjugate open loop zeros respectively.

The formula for the angle of departure ¢, is

Rule 7

¢q=180" — ¢
The formula for the angle of arrival ¢, is

6o =180" + ¢

Where,

$= op— > ¢z
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Rules for Construction of Root Locus
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Rules for Construction of Root Locus
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For angle of departure :

¢p1 = 180°-tan”!




18EC45

Example

Sketch the complete root locus of system having

K
s(s+1)(s+2)(s+3)

G(s)H(s) =
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Example Solution

sdnﬁon:SteP1=P=4,Z=0,N=4.
All branches approaching to oo,
Starting points are s =0, -1, -2, -3.
Step 2 Pole-Zero - plot and
,ecﬁmsofreala)dsareasshownin
ﬁg97.3
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- ——asa o = — U

VS tep 3 ° Angles of asymptotes
4 branches appmadxingtowhmce&asymptotesareiequired
_ (2q+1)180°
0 = TZ :‘q—orl;zls-
q=0’ 01=450, q=1' 92= 135%
g=2 . 83=25, q=3  0,=315
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Example Solution

step 4 : Centroid
e ZR-P.of poles - D R.P.ofzeros _0-1-2-3 _
P-Z =

=15
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O st Aeatetd D e gy
Step5: B 7 -
: Teakaway Point 5o characteristic equation is
1+ G(S)H 8) = i ____K =0
D e ey e T Y P
4
BEH 6831162 4 6ok = 01 iis ke -s%_68%-1152-6s i)

%(=—4s3—1852—225—6=0 ie. 4s +18s +225+6=0

Note : Ifasectlonoftherealamwldent:ﬁedforthee:dstemeofrootlocusaxﬁa
bmakawayponﬁmpmdxcbdbetwem&mtsecﬂmhyﬂwnﬁdpohmoﬁﬂdmechmm
?—Mv\v—wﬂ—:&* 3

armtofﬂteequahond—K-oﬁrst. : :
ds : A B
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In this problem poles s = 0, - 1 and s = —2, -3 are symmetrically located aboy ,
point s = -1.5. So s = 1.5 must be one of the roots of dK/ds = 0
Solving 453 + 1852 + 225+ 6 = 0 we gets = - 1.5, — 0.381, — 2.619
But‘asthereisnorootlocusbetwee,ns=—1ands=.—2-
-~ 8§ = — 1.5 cannot be valid breakaway point. :

For s=-0.381, K=1 i Lol :
For s=2619, K=1 }_s“bsm_”[~-g"" i

Example 1
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Example 1

Example Solution

StepG:Intersecﬁonwiﬂ\imaginaryaﬁs
Characteristic equation st +6s3+11s2+65+K = 0
60 — 6K = 0 oo Kmpar =+ 10

Roufh_’s array,




Example Solution
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Example

Example1. Suppose we have given the transfer function of the closed system as:
K
G(s)H(s) = s(s+5)(s+10)

We have to construct the root locus for this system and predict the stability of the

same.
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Example Solution

Firstly, writing the characteristic equation of the above system,

s(s+5)(s+10) =0
So, from the above equation, we get, s = 0, -5 and -10

Thus, P =3, Z = 0 and since P > Z therefore, the number of branches will be equal

to the number of poles.
So,N=P=3

Thus, under this condition, the branches will start from the locations of 0, -5 and

-10 in the s-plane and will approach infinity.
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Now, let us calculate the angle of asymptotes with the formula given below
8 (2q + 1)180°
T p—12

. q lies between 0 to P-Z-1

S0, in this case, 6 will be calculated for g = 0, 1 and 2.

180°
0= ——= 60°
3 +180°
0, = —5—= 180°
5+180°
93 = T = 300°

S0, these three are the angle possessed by asymptotes approaching infinity.
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Example Solution

Now, let us check where the centroid lies on the real axis by using the formula
given below:
__sum of real part of poles - sum of real part of zeros
P—-Z
0-5-10-0
G’ I e—
3

=15
g=—
3

g=-5
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Example Solution

The figure below represents a rough sketch of the plot that is obtained by the

abaove analysis

Centroid ~
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Example Solution

Earlier we have predicted that one breakaway point will be present in the section
between points 0 and -5 So, now using the method to determine the breakaway
point we will check the validity of the breakaway point.
1+ G(s)H(s) =0
T
s(s+5)(s+10) +K=0
s34+ 1552+ 505+ K=0

K=-53-1552-50s

In this method, roots obtained on differentiating K with respect to s and equating it

to 0, will be the breakaway point
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Example Solution

Therefore,
dK
E:
d(—s* — 15s* — 50s) iy
ds
-3s?-30s-50=0
Or

352+ 30s+50=0

Thus, on solving, roots obtained will be -2.113 and -7.88.

As the root -7.88 falls beyond the predicted section for the breakaway point thus s

=-2.113 is the valid breakaway point.
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Example Solution

Further, we can get the value of K on substituting the value of s= -2.113 in the
equation,
K =(-2.113)% - 15(-2.113)2 - 50(-2.113)

Therefore, on solving,
K=48.11

Here, K obtained is a positive value, hence, s =-2.113 is valid.

Now, we have to check the at what point the root locus intersects with the

imaginary axis. Thus, for this routh array i1s used.

Here a proper method is used where the characteristic equation is used and routh
array in terms of K is formed
s34+ 1552+ 50s+K=0
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Thus, the Routh's Array:

21 1 50

52 15 K
750-K

s! 15

s0 K

Now, to find Kyar, which is the value of K from one of the rows of routh’s array as

row of zeros, except the row s0

Considering, row s" 750-K=0

Thus, Ky, = 750




18EC45

Example Solution

Further, with the help of coefficients of the row which i1s present above the row of

zero, an auxiliary equation A(s) = 0 is constructed. In this case,
A(s) =152+ K=0

So, substituting the value of Km in the above equation, we will get,
1552 + 750 =10

Therefore,
s=+iV50
s=+j7.07,-j7.07

Thus, these are the intersection points of the root locus with the imaginary axis

Also, as the poles are not complex thus angles of departure not needed. Hence, at

the breakaway point, the root locus breaks at + 90°.
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jw
,B,=60°
1" oo
28 11.07
0,= 1803 Ko X
-10 /—5 0
Centroid \‘\‘
2n3
Breakaway
point . e-j1.07
\\‘ -
8,= 300°
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Example

Example2: Consider that for the system with transfer function given below we

have to sketch the root locus and predict its stability.

G(s)H(s) =

K
s(s?+25+2)

Example 3
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Example 3

Example Solution

The characteristic equation provides the poles and zeros. So, writing the
characteristic equation for the above system:
s(s? +2s +2)=0

Thus, s =0,
" -2 ++/4-8
2
On solving
s=—1+jand-1-j
Thus, here

P=3,Z=0andasP>Z sorulewise N=P=3
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The pole-zero plot is given below

Y
(PR F N ——

e i
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Here, it is clear that branch originating from s = 0 approaches -=. And general

predictions clear that there is no breakaway point here.
Angle of asymptotes

Since

(29 +1)180°
P—Z

]

- q lies between 0 to P-Z-1
Example 3
So, here, 8 will be calculated forq =0, 1 and 2.

180°
8= =l

b, = 22180 _ 1g00
? 3

5* 180°
0y = ——— = 300°

3




18EC45

Example

Now, centroid
__sum of real part of poles - sum of real part of zeros
N P-z
0-1-1-0
= —_

o

Example 3 o= 2= —-0.67
3
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So, with the help of the above analysis, the sketch of s-plane is given below:

.

D
L¥]
-~

Centroid
0.67
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Now, let us check for the breakaway point.
14+ G(s)H(s) =0

+ x =
s(s2+25+2)

s34+ 2824+ 25+ K=0

=-33- 25225
So, on differentiating,
Example 3 dK
.a: -
d(-s? — 2s? — 2s5) g
ds

-352-45-4=0
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Or
3s24+45+4=0

Breakaway points are calculated as:

s = —4+/16-24
6
Therefare,
s=-067%j0.47
Example 3 Now, as here we are having complex conjugates, thus, checking the validity of

these points as breakaway point by using angle condition.

Testing, s =—0.67 +j0.47
2G(s)H(s) = + (2q + 1)180°
:q=20,1,2

K

G{s)H(s) = s(s+1-j)(s+1+))
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Ats=—-067+]047
£LK+j0
ZG(s)H(s) = L

£—0.67+j047£—-0.674+j0.47+1—j2—0.67+j0.47+1+]

On solving,
£G(s)H(s) =-164.11°

Example 3

As it 1s not an odd multiple of 180° thus, this point Is not present on the root locus,

hence there is no breakaway point here.




18EC45 Example Solution

Further, checking for the intersection with the imaginary axis.
s3+2s2+25+K=0

Routh’s array

53 2
52 2 K
4-K 0
Example 3 s] T
s? -K

The value of K, = +4 makes s'=0
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Example

Thus,
A(s) =252+ K=0

Substituting K, = 4, we get,
2524+ 4=0
s=+j1414

Now, calculating angle of departure

At complex pole, =1 +j
@a=180°-¢

So, here gpq = 135° and @py = 90°
@a = 180°- (135° + 90°)

Ma= - 45°

Therefore, at the complex pole, =1 =],
@q =+ 45°
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So, with the above-determined values and parameters, the complete root locus

sketch obtained is given below:

jo
> 8,=60°
j7.07
jra1|
Centroid
Example 3 -0.67
8,= 180° o
oo -1
b= 45°
TV NN
A

oo 5= 300"
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Now talking about stability, for K between 0 to 4, the roots are present on the left

half of s-plane, representing a completely stable system.

K = +4 makes the system marginally stable due to the presence of dominant
roots on the imaginary axis. While for K = 4, the system becomes unstable as

Example 3 dominant roots lie in the right half of s-plane.
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Solution Example

Example 4
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Solution Example
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Example 4
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Solution Example

Example 4
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Practice
Example

Example 4

step 6 : Intersection with imaginary axis

Solution Example

The characteristic equation is already obtained s,
s%1+853+36s2+80s+K = 0

2080 -8K = 0

The Routh’s array is,
2 |
S| 2080- 8
o=

0

K mar-

2080

As) = 26s*+K=0

2652-!-260 =0

2

= =-10
8§ = thﬁ=ti3'162
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Introduction
Root locus P Frio e Wit
concepts step 749 Angle of iy
: d arture
Construction - - 4pg $e1
of Root Locus P = 180°~x = 180°_[an~1(4 ) e 2
Rule E e
dp2
— M= O
= 180°-6343° = + 116 560 4
opr =+90° and ¢p; = m—l(%) | Feorsm
. = +63.43°
i Y op = 11656°+90°+ 6343° =270°, Y97 =0

i = Xep-Yer=20
A ‘.;’“’.’; 180°—¢ = 180°-270°=-90° at-2+k

[RE- 7.}

While ¢y at —2—jhis, #a=+%"
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A K(s+1)
S T T vk

1:P =3,Z =1, P-Z=2 branches approach to =
step ints - — 2 _3_4 omg“ka?b\a:
Wpou\ . "y ) 5 pé\\'\ possi L
eminating points : =1, e = L, NI B
ep 2 ¢ Sections of real axis. A sant e
. 9745
s&n : Two asymptotes. ek
i _(2_‘11‘1)_1—— gi=0rd
0, = 270° _9-3-4-

0 = %7 | 770 s wpeobms TEEE




C "
B Solution Example

Ripal Patel

Introduction

E R-P.OfoL .
o e SR L0 A § S !
o4 : PE 0f O.L. zeros =‘"2—3—$,_ 3

= -4

o 5¢ Breakaway point ‘
: = K(s+1) :
L GEHE) l+m -0

+26+3)6E+H +Ke+1=0

Practice e —(5+2)(5+3)(s+4) -s3-952-265-24
Example K= (s+1) T ) oAby
dK (641 (352 -185-26-(-s> =952 -2%s- WM _,
T (s+1)?

Example 5

: ; ;
=5s2 —3s2 —I?‘s"-;}& 5= 65— 26+5% +957 +265+24 =0

253+12s% +185+2=0
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Step 6 : Int: with imaginary axis.
Mdmac&rhﬂcequaﬁmis,-. ¢
s / 1 26 +K 33,+9a3.+s(26+l<)+(24+10=°
2 2 Fxomrowofsl
s / 734+91< 2K 4
120+8K 0 i
e e
ASKmmnegahve&eremnomtawﬁmdibéElmwiﬁ\ﬂnima@mym.
positive values of K. e YR e e i
EaneEs memhrerootlocuslhsmlzfthalfofsphne :.,.‘ea B S paacis sl

Step 7 : No complex pales hence no angle of departure. .
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